2505.24072v1 [math.CO] 29 May 2025

arXiv

Code-based [3, 1]-avoiders in finite affine spaces AG(n, 2)

Benedek Kovaces*

June 2, 2025

Abstract

The author, together with Nagy, studied the following problem on unavoidable intersections of given size
in binary affine spaces. Given an m-element set S C F3, is there guaranteed to be a [k, ¢]-flat, that is, a
k-dimensional affine subspace of F5 containing exactly ¢ points of S? Such problems can be viewed as gener-
alizations of the cap set problem over the binary field. They conjectured that for every fixed pair (k,t) with
kE>1and 0 <t < 2% the density of values m € {0, ...,2"} for which a [k, t]-flat is guaranteed tends to 1.

In this paper, motivated by the study of the smallest open case (k,¢) = (3,1), we present explicit construc-
tions of sets in F5 avoiding [k, 1]-flats for exponentially many sizes. These sets rely on carefully constructed
binary linear codes, whose weight enumerators determine the size of the construction.
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Introduction

p—

Consider the points of the n-dimensional affine space AG(n,2) over the binary field Fy, which also correspond to
the elements of the vector space F.

Let S C AG(n,2) be a point set of a fixed cardinality m. We investigate the intersections of S with the k-
dimensional affine subspaces of F%, referred to as k-flats. We say that S induces a [k, t]-flat if there exists a k-flat
F) C F% such that |S N Fy| =t. Otherwise we say that S is a [k, t]-avoider.

Our question is the following: for what quadruples (n,m;k,t) does it hold that every S C FZ of size m induces
a [k, t]-flat? If this is true, we write [n,m] — [k,t]. The question was posed by the author and Nagy [10] as a
g-analogue of a graph-theoretical problem by Erdés, Fiiredi, Rothschild and T. Sés [4]. Note that a [k, 0]-avoider
is also called a blocking set with respect to k-dimensional subspaces, which is an extensively covered topic in the
projective and affine settings (see [1] for a survey). Also note that the corresponding question in the ternary field
F5 contains the well-known cap set problem [3], asking for the largest size of a subset in F} without a full line. This
would correspond to k=1 and ¢t = 3.

We defined the (n; k, t)-spectrum Sp(n, k,t), and its density, p(n; k,t), by

Sp(n; k,t) :={0 <m < 2" : [n,m] = [k, 1]},

pmmiy:EE%ﬁﬁl

Here, and throughout this paper, we assume that (n,k,t) is a triple of integers with n > 1, 1 < k < n and
0<t<2k
We presented the following main conjecture:

Conjecture 1.1 (Kovécs, Nagy [10]). For every k > 1 and 0 < ¢ < 2*, we have

nl;ngo p(n;k,t) = 1.
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The conjecture was shown true for ¢ € {0,2%71, 28} when k > 3, and for all ¢+ when k € {1,2}. The main result
used for this (apart from the basic cases) was a result similar to Szemerédi’s Cube Lemma (see [15, Corollary 2.1]),
which also follows from a work of Bonin and Qin [2], stating that for m > 2 2"(172’“#—1)7 we have [n, m] — [k, 2¥].
The proof proceeded by picking the value d € Fy that appears the most commonly as a difference of two elements
in S, and applying the statement inductively for the quotient space Fy/(d).

We also showed that liminf p(n; k,t) > 0 when ¢ is of the form 2% or 3 - 2% for some integer 1 < a < k — 2.
The proof of the latter result was more involved, using the notion of additive energy defined by Tao and Vu [17],
and bounding sizes of hypercube cuts based on a theorem of Hart [7]. However, Conjecture 1.1 stays open in these
cases too.

Improving on an argument by Guruswami [5], we also used the probabilistic method to obtain so-called [k, c]-
evasive sets, defined as sets in F5 intersecting every k-flat in at most ¢ points. Our result was the following:
Theorem 1.2. Let k,c € Z~q with ¢ > k + 1. Then for some K > 0, there exists a [k, c|-evasive set in FY of size
at least K - 2"(1=%) when n is sufficiently large.

As [k, c]-evasive sets are [k, t]-avoiders for every ¢ > ¢, this theorem can easily be used to show that the number of
sizes m outside Sp(n; k, t) is exponentially large for each pair (k,t) with k > 3 and (k,t) # (3,4). For example, since
the complement of any [3, 6]-evasive set is a [3, 1]-avoider, there exist [3, 1]-avoiders of all sizes 2" — K -2"/2 < m < 2"
by Theorem 1.2. However, as these [k, t]-avoiders are obtained with a random method, there is no systematic way
to describe them.

The research presented in this paper mainly concerns the smallest open case of Conjecture 1.1, which is (k,t) =
(3,1). Our main result is a construction of an explicit family of [3, 1]-avoiders that still exhibit exponentially many
different sizes. We call this the code-based construction, which takes an arbitrary binary linear code as an input, and
derives a [k, 1]-avoider (for fixed k& > 3) whose size only depends on the weight enumerator of the code evaluated
at certain inputs.

Let us make note of the following definitions.

Definition 1.3 (Weight of a codeword). In a binary linear code C, the weight of a codeword x € C' is the number
of coordinates of x equal to 1.

Definition 1.4 (Weight enumerator). The weight enumerator of a binary code C' C 4 is a bivariate polynomial
We defined by

‘
Wo(w,y) =Y Awz®y"",
w=0
where £ is the length of C, and A,, is the number of codewords in C' having weight w for each 0 < w < /.

For further details on the coding-theoretical terminology used in the paper, see Subsection 2.1. We now state
our main results.

Theorem 1.5. Fiz integers k > 3 and £ > 1. Take a binary linear code C < F5. Then for n = {(k — 1), there
exists a [k, 1]-avoider S in FY for which |S| = 2" — W (1,281 —1).

Here the set S is obtained using the code-based construction, which is detailed in Construction 4.1.

Theorem 1.6. Suppose that n > 4 is an even integer. Then the number of different sizes of [3,1]-avoiders in FY

1/3 n
given by the code-based construction is at least (Hzijﬂ?g) / >c- 2\//: for some absolute constant ¢ > 0.

Note that here we got at least ~ ﬁ - 1.059™ different sizes, but as we will remark later, by the MacWilliams
identity, the number of different sizes obtainable by this method is bounded above by ¢-n - (v/3)" ~ ¢-n - 1.732".
The outline of the paper is the following. In Section 2, we set the basic notation and definitions. In Section
3, we give examples of [k, 1]-avoiders that are built from affine subspaces using union and symmetric difference
operations. We then describe a construction that uses the independent sets of a simple graph or a hypergraph.
Then in Section 4, we present our code-based construction, which provides a proof of Theorem 1.5. We then



present a coding-theoretical limitation that puts an upper bound on the number of possible sizes of [k, 1]-avoiders
resulting from this construction. Finally, Section 5 is devoted to the proof of Theorem 1.6. Here we introduce two
transformations of linear codes that each increase the length of a code by two, and we apply a sequence of such
transformations to obtain a family of exponentially many codes. Using a group-theoretical tool, we show that these
codes give rise to [3, 1]-avoiders of exponentially many sizes.

2 Notation and preliminaries

By convention, elements of Fy will be considered as 1 x n row vectors over Fs.

Similarly to [10], we define the k-profile pf,(S) of a set S C F} as the set of all possible intersection sizes of S
and a k-flat of FY. So t & pf,(S) implies that |S| & Sp(n; k,t). We say that the k-profile of S is even if all of its
elements are even.

In a vector space, the direct sum of the two subspaces A and B is denoted by A @ B.

The complement of a set S will be denoted by S. Recall that the symmetric difference of the a sets S1, 595, ..., Sa,
denoted by A{_, S;, consists of those elements in [ J{_, S; that appear in an odd number of sets among 51, S2, ..., S,.
When a = 2 (so for the symmetric difference of two sets), we can also use the notation S;ASs.

We let [n] = {1,...,n}. If A C [n] is an arbitrary subset, one can define its characteristic vector 14, which is a
0-1 sequence of length n. If v.= 14, then for every ¢ € [n],

1 ifie A,
V; =
0 ifi¢gA.
Similarly one can define the characteristic vector 1g for a subset S C Fy, which is a 2"-long 0-1 sequence with
entries indexed by the vectors x € Fy.
In this paper, an alphabet is a finite set X, whose elements are called letters. For example, ¥ = {a,b}. If r > 0,
then a sequence of g109...0, of r letters is called a word of length r, and the set of such words is denoted ¥X". We

write 3% = (J,5, X" for the set of all words over ¥.

We let Z>¢ and Z~( denote the set of nonnegative and positive integers, respectively.

2.1 Notions from coding theory

Let us recall the following basic notions from coding theory. A binary linear code C of length ¢ and dimension d
is a linear subspace of F§ of dimension d. The elements of C' are called codewords, and the size of the code is the
number of codewords, which is equal to 2.

The dual code of C is defined as C+ = {y € F : ycT =0 Ve € C}, i.e., it is the orthogonal complement of the
subspace C' < [ with respect to the standard inner product. Its dimension is ¢ — d.

A generator matriz G for C is a d x £ matrix whose rows form a basis for C, and a parity check matriz H for
C is a generator matrix for C*, so it is an (¢ — d) x £ matrix. If H is a parity check matrix for C, then for every
y € F§, we have y € C < Hy” = 0.

We recall the MacWilliams identity, which gives a link between the weight enumerator of a code and its dual:

Lemma 2.1. [MacWilliams identity [12, p. 127]] For a binary linear code C of dimension d,

1
Wer(z,y) = 2TiWc(y —z,y +x).

2.2 Notions from group theory

The identity element of a group G will be denoted 1. The notation H < G means that H is a subgroup of G.
The subgroup of G generated by the two subgroups Hi, Hy < G is denoted by (Hy, Hs).

The free group over the generator set S will be denoted by F(S), and the free product of two groups G1, Gs
will be denoted by G; * Ga.



3 [k, 1]-avoiders
Our first fundamental example of [k, 1]-avoiders (for k > 2) is obtained from the following basic observations:

Observations 3.1. (o) If H is an (n — k + 1)-flat of F%, then it has an even k-profile, so in particular H is a
[k, 1]-avoider.

(b) The union of an arbitrary collection of [k, 1]-avoiders in FY is also a [k, 1]-avoider.

Proof.  (a) If the affine subspace H C F} has dimension n —k+ 1, then for any k-flat Fj, C F3, either HN Fy, = (),
or by the dimension theorem, the intersection is a flat of dimension dim H + dim Fj, — dim (H, F) =n+1 —
dim (H, F};). Here (H, F},) C F} has dimension at most n, therefore the dimension of H N Fy, is at least 1,
and so |H N Fg| > 2 is an even power of two.

(b) If {S; : i € I} is a collection of [k, 1]-avoiders in F3, and S = U;e1S;, then let F) be an arbitrary k-flat. We
show that |F;; N.S| = 1 cannot hold. Assume to the contrary that it does. Then there exists ¢ € I such that
F.NS; # 0. Take such an 4 and let |F, N.S;| = ¢. Since S; was a [k, 1]-avoider, we must have ¢ > 2. However
F,NS; C Fp, NS, therefore |F, N S| > ¢ > 2 as well, giving a contradiction. O

Putting together these two observations, we obtain the following:

Corollary 3.2. For an integer k > 2, let S C Fy be an arbitrary union of (n — k + 1)-flats. Then S is a
[k, 1]-avoider.

For example, any union of (n — 2)-flats (quarter-spaces) satisfies the [3, 1]-avoider property. Sets obtained from
Corollary 3.2 will be called basic [k, 1]-avoiders.
The following observations help us obtain further [k, 1]-avoiders.

Observations 3.3. (a) Letk,a > 2 be integers and Sy, Sa, ..., Sa C F3 be sets with even k-profiles. Then Aj_; S;
also has an even k-profile.

(b) The symmetric difference of a finite collection of (n — k + 1)-flats in FY is a [k, 1]-avoider.

(c) Any set S C F2 obtained in the form S = U°_,T; (for b > 0), where each T; is a symmetric difference of a
finite collection of (n — k + 1)-flats, is a [k, 1]-avoider.

Proof.  (a) For an arbitrary k-flat Fy, C F5, we have Iy N (Aj_; ;) = Aj_;(Fx N S;). Here observe that a finite
symmetric difference of even-cardinality sets has even cardinality too.

(b) By part (a) and Observation 3.1(a), the symmetric difference has an even k-profile and so is a [k, 1]-avoider.

(¢) This follows from part (b) and Observation 3.1(b). O

3.1 Obtaining [k, 1]-avoiders from hypergraphs

As the following Proposition shows, a basic [k, 1]-avoider in F} can be constructed from the independent sets of
any hypergraph on n vertices.

Let H = (V, E) be a hypergraph with V = [n] and E C P(V). An independent set of H is a subset W C V
such that no edge e € E is fully contained in W. Let i(H) denote the number of independent sets of H. (If H =G
is a graph then i(G) is also called the Fibonacci number of G, see [14].)

The rank of a hypergraph H is the maximum cardinality of a hyperedge of H, and is denoted by r(H).

Proposition 3.4. If H = (V, E) is a hypergraph on 'V = [n] with r(H) < k — 1, where k > 3, then there exists a
[k, 1]-avoider Sy C FY with |Sy| =2" —i(H).



Proof. For each hyperedge e € E, define F, = {x € F} : x, = 1 Vv € e}, which is an (n — ¢)-flat if |e|] = ¢, and
every such (n — ¢)-flat can be decomposed as a union of (n — k + 1)-flats.

Now let Sy C F3 be defined as Sy = (J, ey Fe. Then Sy is equal to a union of (n — k + 1)-flats, so is a basic
[k, 1]-avoider. We can also see that x ¢ Sy if and only if x is a characteristic vector for an independent set of H.
Therefore, |Sy| =2" —i(H). O

Corollary 3.5. If G is a graph on n vertices, then there exists a [3,1]-avoider Sg C F% with |Sq| = 2™ — i(G).
Proof. We apply Proposition 3.4 with k& = 3. O

Finding the number of possible values of i(G) for an n-vertex graph G is a question of independent interest as
well. For a detailed presentation of the author’s results together with Nagy on this problem, see [11].

3.2 Reed-Muller code perspective

We may look at the [k, 1]-avoiders obtained in Observations 3.3 from a coding-theoretical perspective. The binary
Reed-Muller code RM(n,r) of length 2™ and order r is generated by the characteristic vectors of (n — r)-flats of F%
(see [12, Chapter 13]). Let us take r = k — 1. A vector x € F2" is a codeword of RM(n, k — 1) if and only if it can
be expressed as the sum of the characteristic vectors (over Fa) of some (n — k + 1)-flats, say x = >__, x() where
¢ >0, and for each i, x() = 1, for an (n — k + 1)-flat F; C F%. But this is equivalent to saying that x = 1g for
the set S = A7_; F;, therefore codewords of RM(n, k — 1) are precisely the characteristic vectors of [k, 1]-avoiders
from Observation 3.3(b).

For a finite number of vectors y(), ..., y® ¢ FZ, one can define their elementwise disjunction y = \/i.’:1 y@,
where y; = 1 if and only if (y(V); = 1 for at least one value i. Then the characteristic vectors of [k, 1]-avoiders
in Observation 3.3(c) are precisely the vectors arising as a disjunction of some codewords of RM(n,k — 1). Our
question is then:

Problem 3.6. Determine the possible weights of the elementwise disjunction of a collection of codewords in
RM(n, k —1).

For » = 1 this is an easy question to investigate using the affine space itself: a symmetric difference of a finite
number of (n — 1)-flats (halfspaces) is either (), the full space F% or an (n — 1)-flat. So in this case, a union of such
objects S = UY_,T; (as in Observation 3.3(c)) satisfies that S = N’_,T;, where S can be (), F} or an (n — ¢)-flat for
some 1 < ¢ < b. This means that the set of possible weights is {0,2" —2n~1 27 —2n=2 on _ 90 gnl

To the author’s knowledge, this problem has not yet been investigated for r = 2 (corresponding to k = 3).
However the weights of the RM(n, 2) codewords themselves are known: Sloane and Berlekamp [16] gave the exact
weight enumerator for RM(n, 2) with the arising weights being 2" =1 and 2"~ £ 27717 for 0 < j < L%J No such
description is known for higher order, however there are some partial results [13, 8, 9].

4 Obtaining [k, 1]-avoiders from linear codes

As mentioned in the Introduction, we now show a way to explicitly construct a [k, 1]-avoider from an arbitrary
binary linear code C, where the size of the set can be obtained from evaluating the weight enumerator of the code
at certain inputs.

Theorem 1.5. Fiz integers k > 3 and £ > 1. Take a binary linear code C < F5. Then for n = {(k — 1), there
exists a [k, 1]-avoider S in FY for which |S| = 2" — W (1,281 — 1),

To prove this theorem, we build up a set S = Sc(k) C F¥ using the following construction:

Construction 4.1 (Code-based construction). If k > 3 and ¢ > 1 are integers, and C < FY is a binary linear
code, then we define a set Sc(k) CFY as follows, where n = ((k — 1).



Let Fy, ..., Fy be the (n — k + 1)-flats in FY given by
Fi={xelF} :x;=1Vj:(i—-1)(k—1)+1<j<i(k—1)}

foreach 1 <i</¥.
For 1 <1i </, define the indicator functions I; : Fy — Fo by

IZ(X) =

1 ’L'fXEFZ',
0 ifx¢F.

Now define the signature function s : FY — FS by s(x) = (11(X), ..., [(x)), and define the set Sc(k) by

x € Sc(k) & s(x) £ C.

Proof of Theorem 1.5. Consider the set S = S¢(k) as defined in Construction 4.1.

First we determine the size of Sc¢(k), which we will do by turning to the complement. For each codeword
c=(c1,...,c¢) € C, the number of elements of F} with signature ¢ depends on w(c). If it is known that I;(x) = ¢;
for each 1 < i < ¢, then for the values of ¢ with ¢; = 1 the corresponding k& — 1 coordinates of ¢ must be all 1 (so
can take just one value), and for those with ¢; = 0 the corresponding k — 1 coordinates can be anything except all

2k—1

1’s, so can take — 1 values. Overall,

x € Fy :s(x) =cf = (2" — 1)@,

Altogether, we have

l
Sc(k)| =@ = 1)@ = 3" A, (28 — 1) = We(1,28 - 1),

ceC w=0

so |Sc(k)| = 2" — We(1,2%1 — 1) as required.

We now show that S¢(k) is indeed a [k, 1]-avoider. Let H be a parity check matrix for C, which is an (£ —d) x ¢
matrix where d = dim C. So for any y € F5, y € C < Hy” = 0, and so for x € F}, x & Sc(k) < Hs(x)T =0.

Fix 1 <r < {—d, and let the set of indices j with H,; =1 be {j,1,4r2, -, Jrb,.}, where 1 < b, < /{. A vector
x € F} satisfies (Hs(x)T), = 1 if and only if

b,
= Z S(X)jr,i = Z I’I"L(X)
i i=1

This holds if and only if x lies in T}, = Al Fj, ,. So overall, x € Sc(k) & x € Uf;f T, so Sc(k) is of the
form described in Observation 3.3(c). Thus it is indeed a [k, 1]-avoider. O

Remark 4.2. Instead of a binary linear code, the statement of Theorem 1.5 also holds if C' is a binary affine code
C C F%, that is, C is of the form C = L + yq for some linear subspace L < F§ and yo € F4. In this case, some of
the conditions (Hs(x)7), = 1 might be replaced with (Hs(x)?), = 0, which holds if x € T/ = T, AF%. Since F} is
itself a symmetric difference (in particular, a disjoint union) of (n — k + 1)-flats, Observation 3.3(c) still applies.

Now given the result of Theorem 1.5, the following question naturally arises: is it possible to use it to disprove
Conjecture 1.1 by setting ¢t = 1?7 In other words, can W (1,271 — 1) take (2") distinct values for some pair
(k,£)? In fact, the following two questions emerge, which might raise interest on their own right.

Problem 4.3. Determine the number of distinct weight enumerator polynomials We(z,y) that a binary linear code
C of length ¢ can have. We denote this number by Ny.

Problem 4.4. For a fized pair of integers (a,b), determine the number of possible values We(a,b) that can arise
for a binary linear code C of length £. We denote this number by Ny(a,b).



The following elementary upper bound can be given for the latter question.

Proposition 4.5. Let a,b # 0 and £ > 1 be integers, and g = ged(a,b). Then

4
la]+[b] ;
Nz(a7 b) S ( g ) ’Lf ab > O;

L
2(@) +1 ifab<0.

Proof. Recall that Wg(a,b) = Zi:o Ap,a®b’~", where A, is the number of codewords of weight w in C. Here
0< A, < (f}) for all w > 0, and Ag = 1.

If a,b > 0, then W (a,b) is an integer that is divisible by g* and satisfies

£
1 <We(a,b) < Z <i) a’b"=" = (a + ),

w=0
giving the required bound. If a,b < 0, then Wg(a,b) = (—1)*We(Jal, |b]), leading to the previous case.
In the case ab < 0, We(a, b) is still divisible by ¢¢, and

4
[Wel(a,b)| < Z <f})|a|w|b|€w = (la| + |b|)e
w=0

la|+]b]
g

¢
by the triangle inequality, leaving at most 2 ( ) + 1 possible values. O

Now we present a second way of giving an upper bound on Ny(a,b) in the fashion of Proposition 4.5, namely
through the dual of the code. For some triples (a, b, ) this results in a better bound.

Proposition 4.6. Let a,b, £ be integers such that b > |a| and £ > 1. Then

L
Ne(a,b) < (£+1) - (W) .

Proof. We use the MacWilliams identity (Lemma 2.1): if the code C' < F% has dimension d, then
1

Wc(a,b) = of—d

Wei(b—a,b+ a).
Since 0 < d < £, the first factor can take ¢ 4+ 1 distinct values, and by Proposition 4.5, the second factor can

¢
take at most (m) distinct values, giving the result. O

As we will now see, this shows that we cannot disprove Conjecture 1.1 by solely using our code-based construc-
tion. In fact, we have the following stronger statement.

Corollary 4.7. If k > 3 is a fized integer and k — 1 | n, then as n — oo, the number of possible sizes of [k,1]-
avoiders in F3 obtainable using the code-based construction is O(nc}}), where ¢ < 2 is a fized constant depending
on k.

Proof. Let us apply Proposition 4.6 with a =1, b=2"1 -1, and ¢ = - We get
N(1,2" ' =) < e+ )M -1

so via Theorem 1.5, we get the same upper bound on the number of sizes of [k, 1]-avoiders obtainable using the
code-based construction.
Since ¢ = 27, this upper bound is O(nc}), where ¢, = (2871 — 1)1/ < 2, O

Note that in particular, 3 = v/3, which corresponds to the case of [3, 1]-avoiders.

Having seen this exponential upper bound on the number of possible values of W (1,25~ —1) (equivalently, on
the number of sizes of [k, 1]-avoiders obtained from the code-based construction), it is natural to ask to determine
the asymptotic value of this number, or at least to prove a reasonable lower bound on it. In the next section, we
focus on the case k = 3, for which we give an argument leading to an exponential lower bound. Observe that as
any k-flat for k£ > 4 can be partitioned into 3-flats, any [3, 1]-avoider is also a [k, 1]-avoider for all k > 4, but our
code-based construction explicitly gives further [k, 1]-avoiders as well.



5 [3,1]-avoiders of exponentially many sizes via the code-based con-
struction

Now we will use the code-based construction demonstrated in the previous section to obtain [3,1]-avoiders of
exponentially many different sizes, whose corresponding codes C' < % come from a systematically described family
of codes. Hence we devote this section to proving Theorem 1.6, which we recall here.

Theorem 1.6. Suppose that n > 4 is an even integer. Then the number of different sizes of [3, 1]-avoiders in FY

1/3 n
given by the code-based construction is at least (L(n74)/4J) / >c- 2\//: for some absolute constant ¢ > 0.

[(n—4)/8]

First we prove a lemma showing how the weight enumerator of a code C changes when certain transformations
are applied to C'. We introduce the following two transformations:

Definition 5.1 (Base code transformations). Let C' < F% be a linear code. Then:

e we let a(C) < IF'2L+2 be the linear code obtained from C' by appending two 0 coordinates to the end of each
codeword,

e we let b(C') < FXT2 be the linear code obtained as b(C) = a(C) @ ((1,1,...,1,1,0),(1,1,...,1,0,1)).
Lemma 5.2. IfC < ]F% is a linear code, then:

(a) Wa(C) (mv y) = yQWC(‘Tv y),
(b) Wooy(z,y) = (2 + y*)We(z,y) + 22yWe(y, ).

Proof. (a) The statement is immediate by noting that the transformation leaves the weight of each codeword
intact but increases the length of the code by two.

(b) For every codeword ¢ € C, the four distinct codewords (c,0,0), (c+e,0,1), (c+e,1,0) and (c, 1,1) appear
in b(C), where e = (1,1, ...,1) € F%. Therefore

Wy (wy) = D a(@ytremele
c’eb(C)
_ Z (l_w(c)yL+27w(c) 4 gl w@FL e+ | pL-wE+l we)+l | xw(c)+2yL7w(c)) ’
ceC

where the four terms of the latter sum correspond to the aforementioned four codewords obtained from c.
This gives
Wao)(2,y) = v*Wol(z,y) + xyWo (y, 2) + 2yWe (y, ) + 2*We(z, y). O

Figure 1 shows the effect of the transformations a and b on a generator matrix of a code C'.

100 1 0 O

1 0 01 100 1 0 O 01 01 0 O
Ge=|0 1 0 1 Gacy=10 1. 0 1 0 0 Gocy=11 1 1 0 0 0
1110 1110 0 O 111 1 1 0
1111 01

Figure 1: An example for the generating matrices of a code C' and the transformed codes a(C) and b(C).

We are going to use various finite sequences formed from the transformations a and b. So for a word f € {a,b}"
(where r € Z>g), say f = 0103...0, where each o; € {a, b}, define f(C) = (01 0020...00,)(C). Using Figure 1, for
f €{a,b}" and C < F%, it is straightforward to determine the generator matrix of the code f(C) < FX2". Since
a leaves the dimension unchanged whereas b increases it by 2, dim f(C) = dim C + 2ny, for a word f containing ny,
letters b.



Using Theorem 1.5 for k = 3, if £ > 1 is fixed and n = 2¢, then we get a [3, 1]-avoider in F} of size 2" — W (1, 3)
for any linear code C' < F4. For an integer r > 1, we can start from the trivial code Cy < F9, and we can apply a
sequence f of r transformations of the form a or b as described above, getting a code f(Cy) < F3". Using Lemma
5.2, it is natural to track the value of not just W¢(1,3), but also W (3,1) during these transformations. To do
this, we define the following auxiliary vector for a code C.

1
Notation 5.3. If C < F} is a linear code, let vo = We(l,3) .
We(3,1)

Using this notation, one can read off the following from Lemma 5.2.

1
Observation 5.4. For any linear code C < F%, we have Vac) = (g (1)> ve and vyc) = (60 160> ve.

1
Now let M, = <g (1)> and M, = (60 160). Take the group homomorphism ¢ : F({a,b}) = GL2(Q) induced

by p(a) = M, and ¢(b) = M.

For any f € {a,b}*, use the notation My := ¢(f). In particular, for a word f = 0109...0, € {a,b}", we have
M¢ = My, M,,..M,, . It is a clear consequence of Observation 5.4 that for a code C' < FZ, and f € {a,b}*, we
have Vi) = MfVc.

1
For the trivial code Cp < F9, we have v¢, = i and after applying the r transformations, we get vc,) =

IR Wf(CO)(133)
M <1> - <Wf<co)(3a1)>'

1
We will prove that the number of distinct values that the first entry of M, can take grows exponentially in

r. For this, the main idea is to show that M is distinct for each f € {a,b}", referring to the following well-known
group-theoretical result. It was first used by Klein, and we state the modern formulation of de la Harpe [6, pp.
25-26].

Lemma 5.5 (Ping-pong lemma [6]). Let G be a group acting on a set X, and let T'1,Ts < G with |T'y| > 3 and
T3] > 2. Let T'=(I'1,Ty) < G. Suppose that § # X1, Xo are two subsets of X with Xo € X1, satisfying

(1) v(X2) C X1 for all1 #~ €T, and
(2) v(X1) C X5 for all 1 #~ € Ts.

Then I’ =T'1 %'y, that is, T is the free product of the two groups.

1 2 10
In [6], a classical application of the ping-pong lemma is then presented, showing that (0 1) and (2 1)

generate a free subgroup of SLs(Z) of rank two. In GL2(Q), we now adapt the same argument to our matrices M,
and M.

1
Proposition 5.6. The matrices M, = (3 (1)> and My, = (60 160> generate a free subgroup of GLa2(Q) of rank

two.

Proof. We use Lemma 5.5 for the standard action of GL2(Q) on Q?, with I'; = (M,) and I'y = (My) being infinite
cyclic subgroups (since |det M,|, |det My| # 1). Consider the following two subsets of Q?:

Xlz{v:<x> €Q?:x,y#0, (u?’l<§orl:rm>3)},
Y

XQ_{V_(g;) €Q?:x,y+#0, §<|xy|<3}.



The two sets are clearly disjoint and nonempty, so let us check conditions (1) and (2). Via simple calculations
we can see the following.

‘Izil >3 forany n < —1. In

|] ! E2

all cases we have z/, 3y’ # 0.

a’ /
(1) If v satisfies § < “;—' < 3 then M}'v = ( ) satisfies \y/\l < % for any n > 1, and

/

/

(2) If v satisfies 0 < Il < % or 19l > 3 then MPv = (m

. 1 / ’ 1
|] [] y) satisfies 3 < %, <3 foranyn >1,and -3 < & < —3

for any n < —1. In all cases we have z’,y" # 0.
We can hence conclude that I' = T'y % I'g, i.e., M, and M, generate a free group of rank two. O
As M, and M, generate a free group, for any fixed r the matrices M for words of length r are all distinct. We
exploit this to prove the existence of a large number of words f for which the first entry of My 1 is distinct,
and ultimately, for given ¢, a large number of codes C' of length ¢ having distinct values of W (1, 3).

Finishing the proof of Theorem 1.6. First let us assume n = 4n’, in which case the code-based construction uses
codewords of length 2n/.

By Proposition 5.6, for every > 1 the set M, = {M; : f € {a,b}"} contains 2" distinct matrices My of size
2 x 2.

Let us now restrict our attention to those M, € M, _; for which g contains exactly |(n’ —1)/2] letters a and
[(n'—1)/2] letters b: let MZ, | be the set of these matrices. These T matrices, where T = (L(nr,L':l)l/QJ) = (HZ:;;?;D,
all have the same determinant, namely D = 9L(7'=1)/2] . g4[(n'=1)/2]
ap Py
Vr o 05
ay + B, can take at least T'/3 distinct values for My € M., proving the theorem in this case.

1
Introduce the notation My = ) for a word f. We will show that the first entry of My <1>, which is

For My, € M7,_,, count the number of distinct values oy + 3, takes, depending on which we distinguish two
cases.
Case 1: The values of o, + §, take at least T'/3 distinct values.
In this case, consider the set afa,b}” ~' = {ag: g € {a,b}" "'} C {a,b}". Then for f = ag, M; = (3 ?) My,
so ay + B = 9(ay + B,) also takes at least T1/3 distinct values.

Case 2: The values of o, + 3, take less than 7'/3 distinct values.
Then by pigeonhole, there is a subset M’ C M?*, | of size at least T2/ for which ag + B4 takes identical values.
For the matrices M, € M’, count the number of distinct values 9, + 3, takes, distinguishing two further cases.

Case 2a: The values of 9a, + 3, take at least T'/3 distinct values.
In this case, consider the set {a,b}"” ~'a = {ga : g € {a,b}" '} C {a,b}". Then for f = ga, M; =

M, <2 (1)> , 80 af + ff = 9ay + [, also takes at least T'/3 distinct values.

Case 2b: The values of 9a, + 3, take less than T'/3 distinct values.
Then by pigeonhole, there exists M C M’ of size at least T'/3 for which both ag+ B, and 9oy + 4 are constant
for My, € M”, meaning that both ay = o and 4 =  are constant. Then for all matrices M, € M", we have
ady—pPvy = D, where o, 8,74,04 € Z>9 and D € Z~. One can easily see that all solutions of this equation must
have distinct values of 7, + d,. Therefore, considering the set b{a, b} ~! = {bg : g € {a,b}" "'} C {a,b}",

10 6

for f = bg one has My = ( > My, so ay + By = 10(a+ B) + 6(74 + d4) are all distinct, taking at least

6 10) ¢

T1/3 distinct values.

10



1/3
Now assume n = 4n’ + 2 instead. Then by the previous argument, we can get at least ({EZ:S;?%) B

(kgg:ig;gi)l/g codes of length 2n’ having distinct values of W¢, ,(1,3). If we add a 0 coordinate to the end of each
codeword in such a code Cy,/, we get a code Capryq < IF%"/'H with We, ., (1,3) = 3Wg, ,(1,3), hence attaining

[3, 1]-avoiders in F of at least (&2:3%31)1/3 sizes from the code-based construction.
At last, it is well-known that (sz2j) ~ 2

x,
28

[(n—4)/a"P 2
(L(n—4>/8J) SR

for some absolute constant ¢ > 0. O

as s — oo, resulting in the given lower bound of

1
Remark 5.7. The author believes that because of the free group structure, the values of the first entry of My <1>

for f € {a,b}" actually take at least (2 — o(1))" distinct values as r — oco. If this is true, then this proof method
would give at least (2'/4 — o(1))" different sizes of [3, 1]-avoiders.
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