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The generalized trifference problem

Anurag Bishnoi, Bartlomiej Kielak, Benedek Kovécs, Zoltdn Lérdnt Nagy, Gdbor Som-
lai, Maté Vizer, and Zeyu Zheng

Abstract—We study the problem of finding the largest number
T(n,m) of ternary vectors of length n such that for any three
distinct vectors there are at least m coordinates where they
pairwise differ. This problem is a special case of the perfect k-
hashing problem in theoretical computer science, corresponding
to the k£ = 3 case. For m = 1, we get the classical trifference
problem which is wide open. We prove upper and lower bounds
on T'(n, m) for various ranges of the parameter m and determine
the phase transition threshold on m = m(n) where T'(n,m)
jumps from constant to exponential in n. By relating the linear
version of this problem to a problem on blocking sets in finite
geometry, we give explicit constructions and probabilistic lower
bounds. We also compute the exact values of this function and
its linear variation for small parameters. Moreover, we relate the
trifference problem to the sunflower conjecture.

Index Terms—k-hashing, minimal codes, trifference problem.

I. INTRODUCTION

ET ¥ denote a finite set of symbols, known as the

alphabet, where we typically take 3 = {0, 1, 2} or a finite
field IF,. We will refer to subsets of X" as codes of length n
over 2. If a, b, c € ™ are three codewords, then we say that a,
b and c triffer at position ¢ if {a;, b;, ¢;} = {0, 1,2}. The well-
known trifference problem refers to the determination of the
largest size T'(n) of a ternary code C' C {0, 1,2}™ in which
for every three distinct codewords a, b, ¢ € C, there is at least
one position where they triffer. This problem has important
applications in computer science [1], [2] and cryptography [3]],
[4]], and is closely related to many seemingly distant topics,
such as strong blocking sets in finite projective spaces [,
minimal codes [5]], [[6], and covering codes [7]. Recently, the
problem has gained significant interest, in part due to these
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connections, which has led to various improvements in the
known bounds [5]], [8]-[11].

The trifference problem is a special case of the following
perfect k-hashing problem. Let £ > 3 be a fixed integer. A
code C over an alphabet Y is called a perfect k-hash code if for
every k-tuple of distinct codewords in C, there exists a position
where all these elements differ. Finding optimal upper bounds
for the maximum size of perfect k-hash codes is a fundamental
open problem in theoretical computer science. The cornerstone
result is based on an elementary double counting argument due
to Korner [[12], and it states that |C| < (k—1)(1+27)™. This
upper bound was improved by Fredman and Komlés [[13]], and
later, by Arikan [14]. In recent years, there have been further
improvements by Dalai, Guruswami and Radhakrishnan [15]],
and most recently by Guruswami and Riazanov [16] in the
cases when k > 3. However, improving the trivial upper bound
in the case £k = 3 remained a notoriously difficult problem.
Very recently, Bhandari and Khetan [9] obtained the following
polynomial improvement on the upper bound,

T(n) < cn 2/ (2) ,

where ¢ is an absolute constant. On the other hand, the best
lower bound on T'(n) is (g)”/ 4 due to Kérner and Marton [|1]
and dates back to 1988 (see [5]] for an alternate proof of the
same bound).

In this paper, we study the following natural generalization
of the trifference problem.

Definition 1.1. Suppose that n > m > 1 are integers. Let
T'(n,m) be the largest size of a ternary code C' C {0,1,2}"
such that for any three distinct codewords x,y,z in C, we
have at least m coordinates where they triffer. A code with
such a property will be referred to as an m-trifferent code.

Recall that the Hamming distance d(u,v) between two
codewords u, v is the number of coordinates where u and v
differ. The expression A,(n, d) denotes the maximum number
of possible codewords in a g-ary block code of length n and
minimum Hamming distance d, see [17|]. The determination
of (the asymptotic behavior of) A,(n,d) is one of the most
central problems in coding theory. The determination of the
maximum size of generalized trifferent codes T'(n,m) can be
interpreted as the analogue of maximum size codes with given
Hamming distance, where m corresponds to the ‘minimum
distance’ in this case, thus highlighting its relevance. This
generalization has been studied by Bassalygo, Burmester,
Dyachkov, Kabatianski in [[18] under the name of k-hash codes
with distance dj over an alphabet of size g. Our problem
corresponds to the special case of ¢ = k = 3 and d3 = m.
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Our main contribution is to give both lower and upper
bounds on T'(n,m) for various ranges of m. We first show
that there is a phase transition around the value m =~ %n,
which is analogous to the phase transition of error-correcting
codes. This was already stated implicitly in 18] for the general
problem, but we also include a proof, and we significantly

improve their bounds for ¢ = k& = 3.

Theorem 1.2. Suppose that ¢ > 0 is a real number. If
m > (2 4+ ¢)n, then T(n,m) is bounded above by a constant
depending only on €. On the other hand, if m < (% —e)n, then
T(n,m) is bounded from below by an exponential function
(14 6)™, where 6 > 0 depends only on €.

Before stating our other main results, let us first state some
elementary observations on the function in view.

Proposition L3. (i) T(n,n) =3 for every n > 1.

(ii) T(n,m) <T(n—1,m—1) for every n > m > 2.

(iii) T(n,m) > T(n/m,1) for every n > m > 1 with m | n.
(iv) 2T (n,m) < T(n — 1,m) for every n >m > 1.

Proof. (i) is straightforward. To see (i), observe that if we
erase a coordinate of an m-trifferent code, we obtain an (m —
1)-trifferent code. To prove (iii), we take the m-fold repetition
of each codeword in a 1-trifferent code of length n/m, giving
an m-trifferent code of length n. Finally for (iv), if we fix a
coordinate ¢ in an m-trifferent code and take all the codewords
whose i-th coordinate is not equal to j for an arbitrarily chosen
j, we again obtain an m-trifferent code. If we then erase the
i-th coordinate, the resulting code is still m-trifferent. Taking
7 to be the least frequent value appearing at coordinate ¢, we
get the desired bound. O

Using the upper bound on T'(n) = T(n,1) from [9],
Proposition applied m — 1 times immediately gives
the following.

Corollary L4. T(n,m) < c(n — m + 1)=2/5(3)"=™ holds,
where ¢ is an absolute constant.

In [18], it was shown that the elementary recursive bound
can be improved to give

3 n—2(m—1)
T(n,m)<m () . (1)

2

We provide significant improvements on these upper bounds
in various ranges of values for m.

Theorem LS. Suppose that m < %n. Then

n 2m/3

ronm < (3) Bm 2020/
2 ([ 2m/:ﬂ—1)

Note that for constant m this bound gives a polynomial
improvement over Corollary [[.4] and Equation (I]), whereas for
m = O(n) it gives an exponential improvement. For small
values of m, we obtain the following bounds:

Theorem 1.6.

3

T(n+1,3) < T(n,2) < ()” 10

)

2] n
T(n,4)<(§> "

3\" 232

If m is of order ©(n), the bounds of Theorem [L.5| can be
further improved and provide asymptotic improvements to (I)):

S
N

Theorem 1.7 (Refined upper bound when m is large). Let
m = [An] for some X € (0,2), and & be the smallest real

root of the cubic polynomial \ — %x(l — )2
Then N o
T(”am) < () o"anl n Y\
2 2 (['in'\ —1)

with a suitable constant C = C()\).

As far as lower bounds are concerned, we prove the follow-
ing in the same range of parameters.

Theorem I.8 (Lower bound). For a fixed value 0 < A < %,
let m = | An]. Then there exists a constant ¢ > 0 such that

9 IAn 9 2(1-X)n
T(n,m) >c (2/\) (7(1 — /\)>

for n large enough.

The paper is organized as follows. In Section[[T] we introduce
the necessary notation. We present the proofs of Theorems[[.2]
and [[.7] in Section [II} Then we study the linear
version of the problem in Section We describe the finite
geometric analogues of me-trifferent linear codes and their
relation to minimal codes. Using probabilistic constructions,
we obtain lower bounds on linear m-trifferent codes T, (n, m).
Finally, in Section we present computational results on
T(n,m) and Tp(n,m), and discuss the relation between the
sunflower conjecture and the trifference problem.

II. NOTATION AND PRELIMINARIES
For a codeword ¢ € X", o(c) denotes the support of the

codeword, i.e., the set of indices where c¢ is non-zero. The
notation [n] denotes the integer interval {z € Z : 1 <z < n}.

Definition II.1. A linear code C C ]Fg is called minimal if for
any two linearly independent ¢, ¢’ € C, we have o(c) € o(c).
A linear code C' C IF;L is called m-minimal if after the deletion
of any m — 1 coordinates, all codewords remain distinct and
the remaining code is still minimal.

Logarithms in this paper are taken base 2.

Definition IL.2. The binary entropy function H(p) is defined
as

H(p) = —plogp — (1 —p)log(1 — p)
for 0 <p<1.

We will use the following well-known bound on binomial
coefficients:
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Lemma I1.3.
L gnr(k) < (M) < gni (%),
n+1 —\k) —

For a refined bound, see [19, Lemma 17.5.1, p. 666.]
The relative entropy or Kullback-Liebler divergence is de-
fined as

P(x)
Da (P Q) = X Plaos (5
2 ate)
for a pair of discrete probability distributions P and () defined
on the same sample space X. In the special case when P and
@ correspond to the distribution of indicator variables with
appearance probability p and p’, we use the simpler notation
H(p,p'), which simplifies to

I—p

1—p"
Definition I1.4. For any S C {0, 1,2}", we define Ts(n, m)
to be the size of the largest m-trifferent set contained in S.

p
H(p,p') = plogp + (1 —p)log

The lemma below follows the ideas of the proof in [9] for
the similar bound on Ts(n). This statement will enable us to
give upper bounds on 7'(n,m) via bounding the maximum
size of m-trifferent sets contained in certain subsets of the
space X".

Lemma IL.5. For any subset S C {0,1,2}",

T(nv m) < TS(nv m)

U
Proof. Let C' be an m-trifferent code in F%, identified with
{0,1,2}". For a vector v € F§, let S, = S+v={z+v:x €
S}. We double count the size of the set {(z,v) : x € CNS, }.
Since z € C'is contained in S, if and only if v = z — s for
some s € S, each element of C'is contained in |S| many S,’s.
Therefore,

Yo lens,|=[Cls.

veFy

By averaging, there must exist a vector « such that |[C'N.S,| >
|C||S]/3™. We know that C'N .S, is an m-trifferent set inside
Sy, and since S, is just a translate of S, |[CNS,| < Ts(n,m),
giving us the inequality. O

Notice that the proof of the previous lemma uses the fact
that the set of subsets of [y that triffer is closed under
translation.

III. PROOF OF THE LOWER AND UPPER BOUNDS
We start by proving the lower bound on T'(n,m).

Theorem IIL.1. Suppose that 1 < m < %n Then T'(n,m) >
%‘/5 2onh/2 _ 1 sphere h = H (=, %)

Proof. We use the alteration method. For a positive integer
t fixed later on, choose codewords c¢i,cs,...,c; € {0,1,2}"
independently and uniformly at random, and let Cy =
{c1,¢2,...,ct}. A triple of codewords {c;,c,,c,} is called
bad if they triffer at less than m positions. Let B denote
the number of bad triples in Cy. Clearly E[B] = (;)pb

where pp = P[{c1, ca,c3} is bad]. Create a new code C' from
Cy by deleting one of the codewords from each bad triple.
Then, C' will be m-trifferent, and |C| > ¢ — B. Therefore,
T(n,m) > E[C]] >t — (;)pb.

If ¢1, ¢5 and c3 are uniformly random elements of {0, 1, 2}™,
then for each 1 < ¢ < n, the probability that the codewords
triffer at position ¢ is ?%' = %. Therefore, if X denotes the
number of positions where the three codewords triffer, then
X follows the binomial distribution Bin (n, %) By the well-
known Chernoff bound, p, < P[X < m| < 2-mh where
h=H (2,2) satisfies 0 < h < log 2.

Thus, if we choose t = |v/2 - 27/2|, then we get
¢ 1,
T(n,m)>t— 3 PbZt—éf Db

>\/2.97h/2 _ 1 _ ﬁ . 93nh/29—nh
- 3

=¥.2nh/2—1. O

Remark IIL.2. (i) In the case where m is a function of n with
m = o(n) (for example m > 1 is a constant) and n — oo,

we get that for some ¢ > 0, T(n,m) > c (\%)” for all n.
Note that - ~ 1.1339.

(ii) If m = | An] for a fixed value 0 < X\ < 2, and n — oo,
we get that for some ¢ > 0, T(n,m) > ¢-23HX8)n = cp(\)",
where

b(\) = 23H(NE) = (gA) 3 (3(1 ) /\)) 30-%)

is a strictly decreasing function for X € [0, %] with b(0) =

% and b(%) =1.

This completes the proof of Theorem which also implies
Theorem when m < (£ —¢)n. Next, we complete the proof
of Theorem by considering the case m > (% + ¢)n. Note
that the following result is also a consequence of Theorem 4
in [[18]] and it is similar to the proof of the Plotkin bound [20].

Theorem IIL.3. For any fixed % < A < 1, there exists a
constant ¢(\) such that T'(n, [An]) < ¢(N) for all n.

Proof. Let C' = {c1,c¢2,...,cry € {0,1,2}™ be a code for
which any three codewords triffer in at least An positions.

Let K denote the number of quadruples (z,y, z,4) such
that:

e 1<zx<y<z<Tand 1< i< n are integers,

 and codewords ¢, ¢, and c, triffer at position i.

We will bound K from below and above. Firstly, we can
see that for every triple (x,y,z) with x < y < z, we have
at least An positions where the three codewords triffer, so
K> (%) An.

On the other hand, for a fixed value 1 < ¢ < n, let us put
an upper bound on the number of triples triffering at position
1. If the number of codewords in C' having i-th coordinate 0,
1 and 2 is r;, s; and t; respectively, then the following hold:

. Ti,si,ti Z O,

eri+s;+t; =T,

« the number of triples triffering at position ¢ is 7;;t;.
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By the AM-GM inequality, rys;t; < (Zitstis)® — L8,
Therefore,

- 1
K= Zrisiti S ﬁnTS
i=1

This means that (}) - An < LnT3, giving

T(T —1)(T - 2)

T3
Since — lasT — oo and 2/X < 1, we

conclude that 7" is bounded by a constant depending only on
A O

A<

Nl V)

T(T—1)(T—2)
T3

We continue by proving upper bounds on T'(n,m). First,
we present a consequence of the threshold value A = 2 and
of Proposition This is similar to Theorem 5 of [[18]] and
the Singleton bound on codes.

©|

Theorem III4. Let 0 < o < % and 0 < ¢ <
numbers. Then

r(n](Z-a)al) e ()

for some constant ¢ = c(¢).

Proof. For m = [(% — a) n] Proposition (iv) can be

applied ¢ times iteratively, where

t:{n

We hence get T'(n,m) < (2
from the choice of ¢ that m > z
is

we have that T'(n—t, )

Altogether,
N
/
()
_2

% be real

=
——m|.

§+€
2 n—tm and it follows
§

, s0 by Theorem
at most a constant d =d(e).

where c(e) = 2¢/(e). O

We now look at the other regime where m is small. We
first prove a better upper bound than T'(n,2) < T'(n,1) <
en=2/5(3/2)".

Theorem IIL.5.
10 /3\"
Tn,2)< — (=

Proof. We use the setup of Lemma for the set S = {x €
{0,1,2}™ : #{i: x; =2} = 1}. Let C’ C S be a 2-trifferent
code. Observe that if z; = y; = 2 for some z,y € S and
i € [n], then for any z € S the triple (x,y,z) would triffer
in at most one position. Hence, for any ¢ € [n] there exists at
most one x € C’ such that z; = 2.

Fix some ¢t € C’ and assume that ¢t; = 2. The remaining
codewords in C” start with 0 or 1 so if |C'| > 6, then by
pigeonhole principle there exist three codewords x,y,z € C’

such that 1 = y; = z;. Without loss of generality, t =
(2* ox), o= (0,2,%,--- %), y = (0,%,2,%,-- x), and
(0,*,*,2 *,--- %), where each x is either a 0 or 1. By
con51der1ng the trlples t,x,y and t,x, z, we get yo = 29, and
from the triples ¢, x,y and t,y, 2 we get x5 = z3. Therefore,
{zi,yi, 2z} = {0,1,2} is only possible at i = 4, so z, y and
z triffer in at most 1 position, contradicting the 2-trifference
property.
Hence |C’| < 5, and by Lemma we get

L 53 10 /33\ -
—n-2n1 n \ 2

Before proving the main upper bound (Theorem [[.7), we
present an upper bound in the spirit of the bound on T'(n, 1)
given by Bhandari and Khetan [9]], using extremal graph
theoretic tools for an auxiliary graph assigned to the trifferent
code.

T(n,2)

Theorem II1.6.

T(n,20+1) < (;’)"((52))

2(20 4 1).

Proof. We now use the setup of Lemma form=20+1
and S = {z € {0,1,2}" : #{i : x; = 2} = 2¢}. We wish to
bound Ts(n,2¢ + 1) from above. To do this, we will define a
bipartite graph G' on the two vertex classes U and V, where
U and V are disjoint sets with size |U| = [V'| = (), both of
whose elements are labelled with the ¢-element subsets of [n].
Fix any (2¢ + 1)-trifferent code C’ C S. For each codeword
x € C’, there exists a set of indices I C [n] of size 2¢ such
that z; = 2 for each i € I and x; # 2 otherwise. For each
partition I = I; U Iy with |I1] = |I3| = ¢, we add an edge
(I, I5) to G, where I; € U and I, € V. This way, we add
(%) edges for each = € C". Moreover, since C” is (2( + 1)-
trifferent, each edge corresponds to at most one codeword from
C'. Therefore, Ts(n,2¢ + 1) is at most LB,

We claim that G does not contain a P, (a gour—vertex path).
Assume it is not the case and ([1,1s), (I3, l2), and (Is, I4)
are edges of some P, (where I1,I3 € U and I», I, € V) and
these edges correspond to some codewords z, y, z € C'. Fig.
shows an example for the possible structures of x, y, z. Since
I, U Iy # I3 U I, we must have x # y; analogously, y # z.
Moreover, since Is # I, and both are of the same size and
their union is disjoint from I3, there exists i € Iz \ (I3 U I4).
In particular, z; = 2 # z;, which implies = # z, hence z, y,
z are pairwise different. Since z,y, z are codewords from a
(2¢ 4 1)-trifferent code, there must exist a set J C [n] of size
at least 2+ 1 such that {x;, y;, z;} = {0,1,2} for each i € J.
However, for every such i € J, exactly one of x;, y;, 2; is 2,
so by the structure of the three codewords, J must be a subset
of the symmetric difference of I; and I, (see Fig. [I)), which
consists of at most 2¢ elements. This gives a contradiction.

Since G is Py-free (and also triangle-free by definition), it
must be a star forest, hence it contains at most |V(G)| —1 <
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Fig. 1. Tllustration of the structure of z,y, z in the proof of Theorem m
where each * indicates a digit O or 1. The codewords may only triffer at
positions where exactly one of them has a 2, as indicated in orange. Such
positions must lie in the symmetric difference of I and I4.

2(’}) edges. This implies Ts(n,2( 4+ 1) < (22[) (") and

4
T(n,20+1) <3 Zs(n2€—|—1)< (ij (%)
n7 < /’/L-i7 < n- n
S| (n)2n—2t

() Gm =6 G

Remark IIL7. We used Lemma2 here in the last step.
However, it is well known that %I = (14 o(1))Vwl holds.

4
Thus, the above argument also shows that

2(20+1).0

T(n,20+1) < (14 o(1)) (;’)n ((Z)) e

20
Next, we prove Theorems and and compare them
with the upper and lower bounds above. The proof is similar
in flavor to the proof of Elias-Bassalygo bound [21]] for binary
codes.

Proof of Theorem [ and [[.7} In the setup of Lemma [[I.3]
suppose that S consists of the codewords with exactly £ <
%n many 2’s, where k is an integer to be fixed later. Let
C = {e1,¢a,...,crt € S be an m-trifferent code. To bound

|C| =T, we double count the number of quadruples
=H{(z,y,2,0):1<ax<y<z<T, i€[n]
Cg» €y and c, triffer at position 7}

along the lines of the proof of Theorem Then K >

m(:g) Let 7;,s;,t; denote the number of codewords in
C' having i-th coordinate 0, 1, and 2, respectively. Then

S risiti =K and >, t; = kT. Note that

n n 2
m(g) Szrisitiﬁzti (T ti)
i=1 i=1

2
_ KT (T kL _ kT )
=" 2 =4

Here, the use of Jensen’s inequality in the step
n T—t;\2 RT (T—EZNZ L .
St ()T < nEL T) is justified only in the

case when ¢; < 2T for every i, as the function z(T — x)?

is concave in |0, T] However, the maximum value of the
left hand side over (¢;) € Z N [0,T] cannot be taken when
there exists an index ¢ for which ¢; > %T . Indeed, the sum
S, ti = kT implies that there exists an index j with

t; < %T in view of the assumption on k. But then altering
t; —t; —1,t; — t; + 1 for this index pair, we would obtain
an increment in the sum, as

m—n(T‘§+ﬁ2+@+n(T—g—

1>2
(Tt Q_t. T—t;\>
N\ i\ "2

1
= 1(4T — 3t; — 3tj)(—1 +1t; — tj) > 0,
since both factors (47 —3t; —3t;) = ((37 —3t;) + (T — 3t;))

and (—1+¢; —t;) are positive.
Now let us simplify the inequality (2)):
expanding the formula, we obtain

m(3) < ¥ By

(2m — 3k)T? — 6mT + 4m < 0. 3)

Plugging in k = [2m/3] — 1 gives us the bound

6m if m=2 (mod 3)
T<<3m ifm=1 (mod3)
2m if m=0 (mod 3).

Hence, if m is of form m = 3¢ + r for r € {0,
Lemma implies

1,2}, then

3\ 6364222 e
(3) ) i
T(n,m) < 3" MS (%)"M ifr=1
(1) -2n—k (32)
n gpo2t—1 . .
(@rems o,
4)

as claimed in Theorem [[.3] Note that the same argument can
be slightly refined, as Inequality (3) implies a slightly better
upper bound on 7. Indeed, for small values of m, we get the
exact bounds presented below.

m 2 3 4 5 6
2 i I 2 3 3
r< | 2B+VT) 3+VE 2B+V7) 15+v205 23+ V7)
S| 1129 ~524 ~11.29 ~ 29.32 ~ 11.29

These bounds on T together with Inequality @), and the
fact that 7T is an integer, give the upper bounds of Theorem [.6]

Now we refine the argument to derive Theorem [[.7} Suppose
now that m = [An] for some 0 < A < Z. Let & be the smallest
real root of A = 3z(1 — ). From Inequality (2), we then get

2
T — EL 3 2
m(T)SkT< ") Tk‘(l—k).
3 2 n

Take k = pn :=

[Zn] — 1. Then we get

M- -2 <2y,

which is equivalent to

()\ - gu(l - u)2> T? < A(3T - 2).
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—— Lower bound (Remark [[TL.2}) Former upper bound (see [18])
------ Upper bound (Corollary —— Upper bound (Theorem
- - - Upper bound (Theorem |II1.6

Fig. 2. Graph indicating various bounds of the form (b(A)(1 % 0(1)))™ on
T(n,An).

Consequently, 7' < u()i PER provided that A— 2 pu(1— p)?
is positive, which hol(is in view of the choice of u. Then,
similarly to the previous case, we obtain that

with a suitable constant C' = C'(\).

Here, note that /A = #(A)A~! is monotone increasing in
A € (0,2/9) for fixed n, with £/ > 2/3 on the whole interval
while #n/m — 2 as A — 2/9 and n — co. On the other hand,
w is a good approximation of Z as |y — & < n~1. O

T(n,m) < 3"-

Remark IIL8. In Fig. 2] we compare the lower bound
obtained from the probabilistic construction in Remark
with the former upper bound and three new upper bounds
from Corollary and Theorems [[.7] and for a fixed
0 < X < % For each ), the values b(\) are plotted
where T'(n, [An]) > (b(A)(1 —o(1)))™ for lower bounds and
T(n, [An]) < (B(A)(1 4+ o(1)))™ for upper bounds. Because
of Theorem we know that b(A\) = 1 is the correct value
for % <A<

IV. THE LINEAR VERSION

The equivalence between linear trifferent codes and minimal
codes was first showed in [5]]. Here, we establish an analogous
equivalence between linear m-trifferent codes and m-minimal
codes, which allows us to leverage the rich theory of minimal
codes to study linear trifferent codes.

Definition IV.1 (m-minimal codes). A linear code C' C Fy is
called m-minimal if after the deletion of any m—1 coordinates,
all codewords of C' remain distinct and the remaining code is
still minimal.

Lemma IV.2. A linear code C C Fg
only if it is m-minimal.

is m-trifferent if and

Proof. Suppose C' is m-trifferent but not m-minimal. Then the
codewords of C' must still be distinct after deleting any set of
m — 1 coordinates: otherwise we would have two codewords
which differ in at most m — 1 positions, so together with an
arbitrary third codeword they would violate m-trifference. So
there must exist linearly independent codewords = and y such
that after deleting some set of m — 1 coordinates, o(z) C
o(y). Consider the codeword z = —z, which must be in C
by linearity. Let ¢ be a coordinate (after the deletion of m — 1
coordinates) where x,y, z triffer. One of x;,¥;, 2; has to be
zero. Note that y; = 0 implies z; = x; = 0, while z; = 0
if and only if z; = 0. Therefore, the triple {x,y, 2z} does not
triffer at position ¢, a contradiction.

For the backward implication, suppose C' is m-minimal but
not m-trifferent. Let x, y, z be three distinct codewords and let
S denote the coordinates where x,y, 2 triffer. Suppose || <
m — 1. We extend S to S, a subset of [n] with exactly m —
1 coordinates. Without loss of generality, assume z = 0 by
replacing z,y, z with * — 2,y — z,0. Consider w = = + y.
For any coordinate 4 outside S, {xz, yi} # {1,2}. Therefore

c(w)\ S = (a(z) \ S) U (a(y) \ 9). Since z and y remain
distinct and nonzero after deleting the coordinates in S (C' is
m-minimal), we have (o(z)\ S) # (o( \Sl which implies
that either (o(2)\,5) C (o(w)\5) or (G\5) € (o)) 5).

contradicting m-minimality. O

A. The upper bound

Let PG(k—1, ¢q) denote the projective space (F’; \{0})/ ~,
where u ~ v if u = Jv.

Definition IV.3. Let m > 1 be an integer. A set of points S
on a hyperplane H is a spanning set with strength m, if S
remains a spanning set after removing any m — 1 of its points.

As introduced in [22], a strong blocking set B C PG(k —
1,q) is a set of points that intersects every hyperplane H in a
spanning set. See also [5]], [[7], [23].

Definition IV.4. Let m > 1 be an integer. A set of points B
in PG(k — 1, q) is a strong blocking set with strength m if B
remains a strong blocking set after removing any m — 1 of its
points.

It has been shown in [24] that C is a minimal code of
dimension k in Fy with a generator matrix having no two
linearly dependent columns if and only if the columns of its
generator matrix form a strong blocking set in PG(k — 1, ¢).
We now provide a generalization of this statement.

Lemma IV.5. C is an m-minimal code of dimension k in
[y with a generator matrix having no two linearly dependent
columns if and only if the columns of its generator matrix form
a strong blocking set S with strength m in PG(k — 1, q).

Proof. A code has the m-minimal property if and only if after
every deletion of m — 1 columns it is a minimal code. In other
words, the strong blocking set formed by the columns of the
generator matrix is a strong blocking set even after removing
any set of m — 1 elements. O
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In [5], it was also shown that a set of points £ C PG(k —
1,q) is a strong blocking set if and only if B = Ugel C F¥
is an affine 2-blocking set, i.e., if B meets every (k — 2)-
dimensional affine subspace of F’; in at least one point. Hence
we have the following corollary.

Corollary IV.6. Let C be a linear code of dimension k in
Fy with generator matrix G. Suppose G has no two linearly
dependent columns. Then C' is an m-trifferent code if and only
if the union of 1-dimensional subspaces of IE"’§ spanned by the
columns of G meet every affine subspace of dimension (k—2),
not passing through the origin, in at least m points. O

Let Ty (n,m) be the largest size of a linear m-trifferent
code of length n.

Theorem 1IV.7. For some absolute constant ¢ > 0,

n—m

TL(n,m) <c-3755.

Proof. Let k = logs Tr.(n,m) be the dimension of the code.
Then we have a set of n points in PG(k — 1,3) such that
every n —m+ 1 element subset of it is a strong blocking set.
Since a strong blocking set in PG(k — 1,3) has size at least
4.55(k — 1) (see [5]]), we get that n > 4.55(k — 1) +m — 1,
giving the statement. O

B. The lower bound

From the analysis above, to lower bound the rate of
T, (n,m), we only need to upper bound the size of S. We
use a probabilistic approach to construct a strong blocking set
S with strength m in the spirit of the bound of Héger and
Nagy on the length of minimal codes [7].

Theorem IV.8. In PG(k—1,3), there exists a strong blocking
set with strength m of size at most 43k + 18m — 93. In
particular, when k is sufficiently large and m = o(k), the
bound can be improved to 10k + 5m — 21.

Proof. We uniformly choose ¢ lines ¢, s, . .. ¢; from PG(k—
1,3). Consider the probability that B = U§=1 ¢; fails to be a
strong blocking set with strength m in PG(k — 1,3). This
happens if and only if there exists a hyperplane H such that,
after the removal of some m — 1 points from 5 to obtain a
modified set B*, the span of H N B* is strictly contained in
H, ie., dim(H N B*) < k — 2. In particular, there exists a
(k — 3)-dimensional projective subspace H’ such that apart
from at most m — 1 lines, H' N¥; is non-empty. This happens
with probability at most

k ! t—m t
[kQ] Bt N H' £0) +1-(m1),

3

which gives an upper bound on the probability that B fails to
be a strong blocking set.

Note that for H' with dim H' = k — 3,
37+ 4 7705 (041, - [975)
s

P(élﬂH/#(b) =

(BF2-1@EF*-1) | 1 3k2-1 (3k—1 3k 23
A S\ 7 + = . —_
16 3 2 2 2
- (3 —1)(3k—1-1)
16

(3R 2 —1)(3F3 — 1) + 32 3%5 — 32. 3k3
(BF - 1ET 1)
11-32k=4 —4.3F1 41

T o7.32k—4 _ 4. 3k1 4]
11

< —.
27
Also we can upper bound [kEQ]B by 32%=1/16. Hence, B is a

blocking set with strength m with positive probability if

Sgk_l 11 t—m-41 t
= : <1.
16 27 m—1

Taking logarithms and relaxing, above inequality holds if

(2k—1)log3—4+(t—m+1)log <11> +t-H <mt—1> < 0.

27
&)
A further relaxation of the entropy term yields the simpler
sufficient condition

11
(2k—1)log3—4+(t—m+1)log(27> +t<0. (6)

Rearranging this inequality gives

2log 3 log (3%) log 3 + 4 —log (31)
t> T low (2 loe (22) log (22 7
og (37) og (37) og (37)
Hence, one may choose
t = [10.729k + 4.385m — 23.287].
Since each line in PG(k — 1, 3) contains 4 points,
IB| < 4t < 43k + 18m — 93.
We now assume k is sufficiently large and m = o(k).

From equation we see that ¢ grows at least linearly with
k, hence m = o(t). Consequently, the entropy term satisfies

H (mffl) — 0. A sufficient condition for inequality (6]

becomes for some € > 0,

()

11 11
—21 1 — 1 4—1 — .
< og 3k + log (27)m+ og 3+ og<27)

We may choose
t = [2.447k + 1.001m — 5.310],
which yields
|B| < 4t < 10k + 5m — 21.
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Corollary IV.9. For any integer m < 2n/9, we have

n—18m493 J
43

Tr(n,m) > 3l

Moreover, when m = o(n), for sufficiently large n, this bound

improves to
n—5m+21 J

Tr(n,m) > 3=

Proof. Let C' C F% be a linear code of dimension k. Its
generator matrix defines a set of n points in PG(k — 1, 3).
As established earlier, C' is m-trifferent if and only if these
points form a strong blocking set I3 with strength m.

By Theorem there exists a strong blocking set B C
PG(k—1, 3) with strength m satisfying |B| < 43k+18m—93.
Thus, given n > 43k + 18m — 93, one can select a collection
of exactly a set of n columns for a generator matrix that yields
an m-trifferent code of dimension k. Since a linear code of
dimension k has 3% codewords, it follows that T (n, m) > 3*.
Rewriting n > 43k + 18m — 93 as

n —18m + 93

k<
- 43

shows that the choice

. n— 18m + 93
B 43

is valid, and we deduce that

m) Z 3L71—li7:5n+93j .

TL (n7

For the regime m = o(n), note that the above argument

shows k grows linearly in n. Hence, we may apply the refined
bound in Theorem and the same argument gives

—5 23
[2=5522

Tr(n,m) >3

for sufficiently large n. O

V. CONCLUDING REMARKS

In this section, we discuss some related results to the m-
trifference problem and present computational results as well.

A. Computational results and explicit constructions

Corollary leads to an easy ILP formulation of the
problem. Namely, we take a binary variable z; for the -
th 1-dimensional subspace V; of F%, and for every (k —
2)-dimensional affine subspace S, we add the constraint
> iv,<sTi > m. Using Gurobi [25], we have computed the
following optimal values of these m-fold affine blocking sets.

(km) | (3,2) (42 (43) (44 (45 (46 (47

n ‘ 12 16 24 28 30 35 38

Via Corollary this table implies that 7, (n, 2) = 33 for
all 12 < n < 15, and T;(16,2) = 3%,

For the non-linear case, direct computer computations give
the following values: T7'(4,2) = 4, T(5,2) = T(6,2) = 6.
Also, T'(4,3) =T(5,3) =3, T(6,3) =T(7,3) = 4.

B. Explicit constructions

Large linear trifferent codes were constructed via random
methods [5]], so it was a relevant goal to obtain good explicit
constructions as well. Such codes were presented by Alon,
Bishnoi, Das and Neri [23] using expander graphs. A similar
approach can be applied in the general trifference problem as
well.

For a graph G, let +(G) = mingcy () {|S] + x(G — S5)},
where k(H) is the largest size of a connected component in
H.

Let C' be an infinite family of [n, Rn,dn|s codes, and let
G be an infinite family of d-regular graphs on n vertices such
that «(G) > (1 — §)n + m — 1. Then by the construction in
[23] and the Lemma above, we get a linear m-trifferent code
of length (1 4 d)n and dimension k& = Rn.

Note that constant degree expanders can be used to ex-
plicitly construct d-regular graphs G on n vertices with

2vd
WG) = (1- 52 ) n, of. (23],

C. Relation to the sunflower conjecture

Consider a code C' C {0,1,2}" such that any three distinct
codewords x, y, z triffer in at least 1 coordinate. Now consider
the multiset

F(C)={o(z):ze€C}

where each z is considered once. The elements of the mul-
tiset are in P([n]). If three distinct codewords x,y, z triffer
at position ¢ then ¢ appears in precisely two of the sets
o(x),o(y),o(z). Observe that in F'(C), each word must have
multiplicity at most 2. This is because if we had o(z) =
o(y) = o(z) for distinct z,y, z then for every 4, ¢ appears in
0 or 3 of the three sets, and so the three words cannot triffer
at any position.

A set system F consisting of £k > 3 sets is called a
k-sunflower if any two sets in the system have the same
intersection, and a set system is called k-sunflower-free if no &
distinct elements of it form a k-sunflower. A 3-sunflower-free
set-system 1is just called sunflower-free. Naslund and Sawin
[26] showed that a sunflower-free family F of subsets of [n]
must satisfy |F| < (223/3)n(1+0(1)).

Consider the ground set of F(C), denoting it by F. Still
in F, it is true that there cannot be three sets X,Y, Z such
that for every ¢ € [n], ¢ appears in either 0, 1 or 3 of the
sets X, Y, Z. We can see that three sets satisfy this property
precisely when they form a 3-sunflower, therefore F must be a
sunflower-free family, yielding |C| < 2|F| < (223/3)71(1“(1)).

Here 22% ~ 1.8899. However, we already know that

T(n,1) < Cn=2/5(3)" from [9], so this does not give an
improvement.
Finally, let us mention that while this work focused on the
generalization of the trifference problem, which was proven
to be the most difficult one among g-hash codes, our methods
are applicable for the g-hashing case as well.
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